acta physica slovaca vol. 49 No. 4, 731 Ű 736 August 1999

QUANTUM STATISTICS OF TWO COUPLED DOWN-CONVERTORS. PART I^∗

J. Herec^1 Department of Optics, Palackťy University, 17. listopadu 50, 772 00 Olomouc, Czech Republic

Received 26 April 1999, accepted 10 May 1999

The quantum-statistical properties of light beams in a directional symmetric nonlinear coupler composed of two nonlinear waveguides operating by the down-conversion processes are examined. By means of short-length approximation non-classical behaviour of single and compound modes in such a device is analyzed. Linear and nonlinear mismatches are taken into account.

PACS: 42.50.Dv, 42.79.Nv

1 Introduction

In paper [1] directional asymmetric nonlinear coupler was discussed composed of a linear waveguide and a nonlinear waveguide operating by the second-harmonic generation from the point of view of all-optical switching. Quantum-statistical properties of such a device were examined using short-length approximation in [2] and the similar research for two coupled nonlinear waveguides was done in [3]. Paper [4] is devoted to the quantum-statistical properties of modes in symmetric coupler using short-length approximation in higher powers with the help of symbolic computations. Properties of a directional coupler involving parametric ampli^cation are studied in [5].

This paper is devoted to the quantum-statistical properties of modes interacting in a directional symmetric nonlinear coupler composed of two nonlinear waveguides operating by a down-conversion processes. The conditions for non-classical behaviour of light in single and compound modes, i.e. squeezing of vacuum ~uctuations and sub-Poissonian photon statistics, are analyzed. The in~uence of linear and nonlinear mismatches on the generation of nonclassical light was investigated. The same model is investigated in [6] using the strong-pumping approximation.

In Section 2 the Heisenberg equations of motion is derived, Section 3 is devoted to shortlength approximation, Section 3.1 deals with quadrature ~uctuations for single and compound modes, Section 3.2 treats the fourth-order normal moments. Section 4 provides a discussion of obtained results.

�Presented at the 6th Central-European Workshop on Quantum Optics, ChĹateau Chudobť”n, Czech Republic, April 30 - May 3, 1999.

1E-mail address: herec@optnw.upol.cz

0323-0465/99 cfl Institute of Physics, SAS, Bratislava, Slovakia 731

2 Equations of motion

The directional coupler under discussion is composed of two nonlinear waveguides operating by the down-conversion processes in a symmetric arrangement as is outlined in the following ^gure:

χ^{(2)}

HHj �*

Â_{P1} (0), Â_{S1} (0), Â_{I1} (0)

Â_{P2} (0), Â_{S2} (0), Â_{I2} (0)

Â_{P1} (L), Â_{S1} (L), Â_{I1} (L)

Â_{P2} (L), Â_{S2} (L), Â_{I2} (L)

�* HHHj

χ^{(2)} z 0 L

In this coupler a linear coupling between pump, signal and idler ^elds is considered. The lossless and nondispersive media are assumed. Far from resonant frequencies and assuming directional propagation along z-axis, such a device can be described by the following effective momentum operator:

Ĝ = Ĝ_1 + Ĝ_2 + Ĝ_{int}, (1)

where are

Ĝ_i = h̄ ∑ j=P_i ,S_i,I_i k_jÂ^†_jÂ_j + h̄ ( Γ_iÂ_{Pi}Â^†_{Si}Â^†_{Ii} + h.c. ) i=1,2,

Ĝ_{int} = h̄(κ_P Â_{P1}Â^†_{P2} + κ_SÂ_{S1}Â^†_{S2} + κ_IÂ_{I1}Â^†_{I2} + h.c.), (2)

and Â_j (Â^†_j ) is annihilation (creation) operator in the j-th mode, i.e. in pumping modes (P_1, P_2), signal modes (S_1, S_2) and idler modes (I_1, I_2). The corresponding wavevectors along the zaxis of propagation are k_{P1} , k_{P2} , k_{S1} , k_{S2} , k_{I1} and k_{I2} . Linear and nonlinear coupling constants are denoted as κ_P , κ_S , κ_I and Γ_1, Γ_2, respectively. The linear coupling constants describe energy exchange between waveguides by means of evanescent waves and the nonlinear coupling constants, which are proportional to the quadratic susceptibility χ^{(2)}, determine the ef^ciency of nonlinear processes. The symbol h̄ denotes the reduced Planck constant and h.c. represents Hermitian conjugate terms.

The momentum operator Ĝ in (1) re~ects two symmetries of this model. The ^rst symmetry is based on the exchange of subscripts which denote waveguide (i.e. 1 by 2 and vice versa) with simultaneous exchange of linear coupling constants of their complex conjugate ones. The second symmetry consists of the exchange of subscripts between signal and idler modes (i.e. S by I and vice versa). These symmetries have to be conserved in the spatial development of operators and in all quantum statistical quantities. Therefore the results concerning the pump and signal modes in the ^rst waveguide are only mentioned. From the above-mentioned symmetries the remaining results can be obtained.

Quantum spatial development of an operator Â is described by the Heisenberg equation ih̄ dÂ/dz = [Ĝ, Â], where z is a spatial variable along the direction of propagation, Ĝ is above introduced momentum operator and [ , ] denotes a commutator. Here z is to be understood as a convenient time scale rather then spatial coordinate.

Using the momentum operator (1), we obtain the Heisenberg equations of motion in the form: dÂ_{P1} dz = ik_{P1}Â_{P1} + iκ^∗_P Â_{P2} + iΓ^∗_1Â_{S1}Â_{I1} , dÂ_{S1} dz = ik_{S1}Â_{S1} + iκ^∗_SÂ_{S2} + iΓ_1Â_{P1}Â^†_{I1} . (3)

To eliminate the fast oscillations of the ^elds we can substitute

Â_{P1} (z) = B̂_{P1} (z)exp(ik_P z), Â_{S1} (z) = B̂_{S1} (z)exp(ik_Sz), (4)

where 2k_P = k_{P1} + k_{P2} and 2k_S = k_{S1} + k_{S2} into (3) and the following set of nonlinear equations is obtained: dB̂_{P1} dz = i Δk_P 2 B̂_{P1} + iκ^∗_P B̂_{P2} + iΓ^∗_1B̂_{S1}B̂_{I1} exp(iΔkz), dB̂_{S1} dz = i Δk_S 2 B̂_{S1} + iκ^∗_SB̂_{S2} + iΓ_1B̂_{P1}B̂^†_{I1} exp(−iΔkz), (5)

where Δk_P = k_{P1} − k_{P2} , Δk_S = k_{S1} − k_{S2} and Δk = k_S + k_I − k_P are the linear and nonlinear mismatches, respectively.

3 Short-length approximation

Equations (5) can be solved, using the short-length approximation, up to z^2 in the form:

B̂_{P1} (z) = ( 1 + i Δk_P 2 z − 1 2 [( Δk_P 2 )_2 + |κ_P |^2 ] z^2 ) Â_{P1} (0) + iκ^∗_P zÂ_{P2} (0)

+Γ^∗_1 ( iz + Δk_{211} 2 z^2 ) Â_{S1} (0)Â_{I1} (0) − 1 2 Γ^∗_1κ^∗_I z^2Â_{S1} (0)Â_{I2} (0) − 1 2 Γ^∗_1κ^∗_S z^2Â_{S2} (0)Â_{I1} (0) − 1 2 Γ^∗_2κ^∗_P z^2Â_{S2} (0)Â_{I2} (0) − 1 2 |Γ_1|^2z^2Â_{P1} (0) [ Â^†_{S1} (0)Â_{S1} (0) + Â^†_{I1} (0)Â_{I1} (0) + 1 ] , B̂_{S1} (z) = ( 1 + i Δk_S 2 z − 1 2 [( Δk_S 2 )_2 + |κ_S |^2 ] z^2 ) Â_{S1} (0) + iκ^∗_SzÂ_{S2} (0)

+Γ_1 ( iz − Δk_{121} 2 z^2 ) Â_{P1} (0)Â^†_{I1} (0) + 1 2 Γ_1κ_I z^2Â_{P1} (0)Â^†_{I2} (0) − 1 2 Γ_2κ^∗_Sz^2Â_{P2} (0)Â^†_{I2} (0) − 1 2 Γ_1κ^∗_P z^2Â_{P2} (0)Â^†_{I1} (0) + 1 2 |Γ_1|^2z^2Â_{S1} (0) [ Â^†_{P1} (0)Â_{P1} (0) − Â^†_{I1} (0)Â_{I1} (0) ] , (6) where Â_j (0) = B̂_j (0) (Â^†_j (0) = B̂^†_j (0)) are initial values of anihilation (creation) operators and Δk_{ijk} = k_{Pi} − k_{Sj} − k_{I k} for i, j, k = 1, 2 is nonlinear mismatch.

From the point of view of the quantum-statistical properties, the short-length solutions provide us with a good approximation for one-pass propagation under the assumption that |Γ_1|z, |Γ_2|z ≪ 1.

3.1 Quadrature ~uctuations

To detect quadrature ~uctuations, one can adopt the homodyne detection technique, where fast oscillations of a ^eld are eliminated by means of local oscillator and the following principal squeeze variances for the j-th single mode ([7], p.240)

λ_j = 1 + 2[⟨ΔB̂^†_j ΔB̂_j ⟩ − |⟨(ΔB̂_j )^2⟩|], (7)

and (jk)-th compound mode ([7], p.259)

λ_{jk} = 1 + ⟨ΔB̂^†_j ΔB̂_j ⟩ + ⟨ΔB̂^†_kΔB̂_k⟩ + 2Re⟨ΔB̂^†_j ΔB̂_k⟩

−|⟨(ΔB̂_j )^2⟩ + ⟨(ΔB̂_k )^2⟩ + 2⟨ΔB̂_j ΔB̂_k⟩| j ≠ k, (8)

where j, k = P_1, P_2, S_1, S_2, I_1, I_2 are measured. Squeezing of vacuum ~uctuations occurs, if λ < 1 in the corresponding mode.

Substituting the solution (6) into de^nition (7) and by means of the standard averaging procedure of normal order operators in the incident coherent state, we obtain

λ_{P1} = 1, λ_{S1} = 1 + 2|Γ_1|^2|α_{P1} |^2z^2. (9)

We can see that modes P_1 and P_2 remain coherent during propagation in this approximation. In contrast, quadrature ~uctuations of modes S_1, S_2, I_1 and I_2 exceed those of the coherent state. These results are valid for both stimulated and spontaneous processes.

In the same way, we obtain the principal squeeze variances for the compound modes:

λ_{P1P2} = 1, λ_{S1S2} = 1 + ( |Γ_1|^2|α_{P1} |^2 + |Γ_2|^2|α_{P2} |^2 ) z^2, λ_{P1S2} = 1 + |Γ_2|^2|α_{P2} |^2z^2, λ_{P1S1} = 1 + |Γ_1|^2|α_{P1} | (|α_{P1} | − |α_{S1} |) z^2, λ_{S1I1} = 1 − |Γ_1 ( 2iα_{P1} z − Δk_{122}α_{P1} z^2 − κ^∗_P α_{P2} z^2 ) − |Γ_1|^2α_{S1} α_{I1} z^2| +2|Γ_1|^2|α_{P1} |^2z^2, λ_{S1I2} = 1 + ( |Γ_1|^2|α_{P1} |^2 + |Γ_2|^2|α_{P2} |^2 − |Γ_1κ_I α_{P1} + Γ_2κ^∗_S α_{P2} | ) z^2. (10)

The compound mode (P_1P_2) remain coherent during propagation. The quadrature ~uctuations of modes (P_1S_2), (P_2S_1), (P_1I_2), (P_2I_1), (S_1S_2) and (I_1I_2) always increase during propagation. The squeezing of vacuum ~uctuations in (P_1S_1) and (P_1I_1) can arise, when the amplitudes of input ^elds satisfy the following conditions |α_{S1} | > |α_{P1} | and |α_{I1} | > |α_{P1} |, respectively. The similar conclusions are valid with respect to the modes (P_2S_2) and (P_2I_2) when the corresponding inequalities are satis^ed. The modes (S_1I_1) and (S_2I_2) can be squeezed depending on the nonlinear mismatch, phases of incident ^elds and phases of coupling constants. For suf^- ciently small values of |Γ_1|z and |Γ_2|z, it approximately holds that λ_{S1I1} = 1 − 2|Γ_1α_{P1} |z and λ_{S2I2} = 1 − 2|Γ_2α_{P2} |z, respectively, and the squeezing of vacuum ~uctuations occurs in these modes. If we consider the waveguides to be identical (Γ_1 = Γ_2) together with input condition α_{P1} = α_{P2} , then in the case, where the linear coupling dominates above the nonlinear coupling (i.e. |κ_I + κ_S^∗| > 2|Γ_1α_{P1} |), the vacuum noise enlarged by nonlinear interaction is suppressed due to the linear interaction and the squeezing of modes (S_1I_2) and (I_1S_2) is obtained.

3.2 Fourth-order normal moments

One of the most important characteristics of photon statistics are the fourth-order normal moments ([7], p.268) de^ned for mode j as:

⟨(ΔW_j (z))^2⟩_N = ⟨B̂^{†2}_j (z)B̂^2_j (z)⟩ − ⟨B̂^†_j (z)B̂_j (z)⟩^2. (11)

Non-classical behaviour is exhibited when ⟨(ΔW_j (z))^2⟩_N < 0. For the compound mode (jk) the correlation of ~uctuations of integrated intensities ([7], p.269) is of interest:

⟨ΔW_j (z)ΔW_k (z)⟩_N =⟨B̂^†_j (z)B̂^†_k(z)B̂_j (z)B̂_k(z)⟩ − ⟨B̂^†_j (z)B̂_j (z)⟩⟨B̂^†_k(z)B̂_k(z)⟩, (12)

for j, k = P_1, P_2, S_1, S_2, I_1, I_2 and j ≠ k, where W_j (z) is the corresponding integrated intensity and the subscript N denotes normal ordering of ^eld operators [6].

Considering incident beams being in the coherent states as above and substituting (6) into (11), we calculate the following variances:

⟨(ΔW_{P1} (z))^2⟩_N = 0, ⟨(ΔW_{S1} (z))^2⟩_N = 2|Γ_1|^2|α_{P1} |^2|α_{S1} |^2z^2. (13)

It is evident that modes P_1 and P_2 remain coherent during propagation as in the case of the second-order moments discussed in Sec. 3.1. On the other hand modes S_1, S_2, I_1 and I_2 are super-Poissonian. If the process is completely spontaneous (α_{P1} , α_{P2} ≠ 0; α_{S1} , α_{S2} , α_{I1} , α_{I2} = 0) all modes have Poissonian photon statistics.

For the compound modes we can derive the following mutual correlations of ~uctuations of integrated intensities:

⟨ΔW_{P1} ΔW_{P2} ⟩_N = ⟨ΔW_{P1} ΔW_{S2} ⟩_N = ⟨ΔW_{S1} ΔW_{S2} ⟩_N = 0, ⟨ΔW_{P1} ΔW_{S1} ⟩_N = −|Γ_1|^2|α_{P1} |^2|α_{S1} |^2z^2,

⟨ΔW_{S1} ΔW_{I2} ⟩_N = − 1 2 ( Γ_2κ^∗_S α^∗_{S1} α_{P2} α^∗_{I2} + Γ^∗_1κ^∗_I α^∗_{P1} α_{S1} α_{I2} + c.c. ) z^2,

⟨ΔW_{S1} ΔW_{I1} ⟩_N = ( iΓ_1α_{P1} α^∗_{S1} α^∗_{I1} + c.c. ) z + ( |Γ_1|^2 [ |α_{P1} |^2 ( 2|α_{S1} |^2 + 2|α_{I1} |^2 + 1 ) − |α_{S1} |^2|α_{I1} |^2 ] − [ 1/2 ( Γ^∗_1κ_P α_{S1} α_{I1} α^∗_{P2} + Γ_1Δk_{111}α_{P1} α^∗_{S1} α^∗_{I1} ) − Γ_1α_{P1} ( κ_S α^∗_{I1} α^∗_{S2} + κ_I α^∗_{S1} α^∗_{I2} ) + c.c. ]) z^2, (14)

where c.c. denotes complex conjugation. The compound modes (P_1P_2), (P_1S_2), (P_1I_2), (S_1P_2), (S_1S_2), (I_1P_2) and (I_1I_2) are always uncorrelated. Modes (P_1S_1), (P_1I_1), (P_2S_2) and (P_2I_2) are anticorrelated when the modes S_1, I_1, S_2 and I_2 are stimulated, respectively. Compound modes (S_1I_2) and (I_1S_2) can be correlated or anticorrelated depending on the phases of the incident ^elds and coupling constants. For example, if the following phase condition arg(Γ_2κ^∗_S α^∗_{S1} α_{P2} α^∗_{I2} ) = arg(Γ^∗_1κ^∗_I α^∗_{P1} α_{S1} α_{I2} ) = 0 is satis^ed, maximum anticorrelation in the compound mode (S_1I_2) is attained. Using the above-mentioned symmetry we obtain the similar condition for maximum anticorrelation in mode (I_1S_2). As for compound modes (S_1I_1) and (S_2I_2) correlations of ~uctuations can be supported by linear coupling between waveguides and nonlinear mismatch. For partially stimulated process (α_{P1} , α_{P2} = 0, α_{S1} , α_{I1} , α_{S2} , α_{I2} ≠ 0) the anticorrelations are exhibited in the compound modes (S_1I_1) and (S_2I_2). Assuming small values of |Γ_1|z, we can omit terms containing z^2 and anticorrelation occurs in compound mode (S_1I_1), when arg(Γ_1α_{P1} α^∗_{S1} α^∗_{I1} ) =^π_2 . The similar conclusion is valid for mode (S_2I_2). In the spontaneous process all compound modes are uncorrelated in this approximation, except for the compound modes (S_1I_1) and (S_2I_2) which are correlated.

4 Discussion

The quantum-statistical properties of the directional symmetric nonlinear coupler composed of two nonlinear waveguides based on the down-conversion processes were discussed. In the framework of short-length approximation up to the second order the solution of equations of motion was derived. Principal squeeze variances for single and compound modes, variances of integrated intensities and correlations of ~uctuations of integrated intensities were obtained. As for single-mode characteristics the coupler behaves like two independent waveguides in this approximation. This nonlinear coupler is more interesting from the point of view of two-mode characteristics, how it was shown above.

Acknowledgments I would like to thank Prof. R. Horťak and Prof. J. Pe“rina for their worth advices during this work. This work was supported by grant No. VS96028 of Czech Ministry of Education.

References

[1] G. Assanto, A. Laureti-Palma, C. Sibilia, M. Bertolotti: Optics Commun. 110 (1994) 599 [2] J. Peırina: J. Mod. Optics 42 (1995) 1517 [3] L. Miısta Jr., J. Peırina: Czech J. Phys. 47 (1997) 629 [4] J. Peırina, J. Bajer: J. Mod. Optics 42 (1995) 2337 [5] J. Janszky, C. Sibilia, M. Bertolotti, P. Adam, A. Petak: Quant. Semiclass. Optics 7 (1995) 509 [6] L. Miısta Jr.: acta physica slovaca 49 (1999) 737, in this issue [7] J. Peırina: Quantum Statistics of Linear and Nonlinear Optical Phenomena (Kluwer Academic Publishers, Dordrecht, 1991)