acta physica slovaca vol. 49 No. 4, 743 Ű 748 August 1999

RECONSTRUCTION OF QUANTUM STATES WITH BINARY DETECTORS^∗

D. Mogilevtsev^1 Quantum Optics Lab, Institute of Physics, National Academy of Sciences of Belarus, F. Skarina ave. 70, Minsk 220072, Belarus

Received 22 April 1999, accepted 17 May 1999

The scheme is proposed to perform the reconstruction of a multi-mode quantum state of light with help of non-ideal detectors able to test only presence or absence of photons.

PACS: 42.50.Dv

A binary detector able to test only presence or absence of photons is the simplest device which could provide an information about the quantum state of light. Examples of such detectors are the avalanche photodiodes operating in the Geiger mode. They are not capable of resolving the number of photons that triggered the output signal. Such detectors are the most ef^cient ones available now for the single-photon level light. Recently it was shown [1-3] that it is possible to reconstruct the state of a single light mode using such binary detectors. It was also shown [4] that binary detectors could be used for demonstration of non-locality of two-mode correlated state of light. The aim of current work is to demonstrate how the density matrix of an arbitrary multi-mode state of light in the Fock-state basis can be inferred from the data provided by the set of binary detectors. It should be noted, that in difference with well known and extensively developed method of optical homodyne tomography (for a review, see [5]), this reconstruction scheme does not impose a lower limit on the detector ef^ciency.

The basic scheme of the measurement set-up is as follows (Fig. 1): let the N +1-mode state be an input of the 2(N +1)-port linear device, which performs a unitary transformation U^{(N+1)} over this state and produces N + 1 output modes. Then each of these modes is measured by the corresponding binary detector.

It’s worth to mention that the similar scheme (named Ťphoton choppingŤ) using multi-port device were proposed by Paul and co-workers in the work [6] for the reconstruction of singlemode state. 2(N + 1)-port linear device of our set-up performs SU(N + 1) rotation over the annihilation a_i and creation a^+_i operators of the input modes. The annihilation b_i and creation b^+_i operators of the output modes could be expressed as

b^{(†)}_i = U^{(N+1)†}a^{(†)}_i U^{(N+1)} = N∑ j=0 U^{(∗)}_{ij} a^{(†)}_j . (1)

�Presented at the 6th Central-European Workshop on Quantum Optics, ChĹateau Chudobť”n, Czech Republic, April 30 - May 3, 1999.

1E-mail address: mogilev@dragon.bas-net.by

0323-0465/99 cfl Institute of Physics, SAS, Bratislava, Slovakia 743

Fig. 1. Schematic outline of the measurement set-up for the reconstruction of multi-mode state.

Such transformation could be realized using beam-splitters and phase-shifters. Currently we restrict ourselves to measurement of the probability of simultaneous zero counts on all detectors. It is given by the Mandel’s formulae

p_0 = ⟨: exp ( − N∑ i=0 η_ib^+_i b_i ) :⟩, where η_i denotes the quantum ef^ciency of the ith detector and :: denotes the normal ordering. If the density matrix of the signal state could be represented in the Fock-state basis as ρ = ∞∑ M,L=0 ∑ ∑_i j =M, ∑_l j =L ρ^{l0...l}N i0...iN |i0⟩... |iN ⟩⟨lN | ...⟨l0| , the probability p_0 could be expressed in the following way

p_0 = ∞∑ M=0 ∑ ∑_i j ,kj ,lj =M N∏ j=0 (1 − η_j )^ij S^{k0...k}N_{i0...i}N ( S^{l0...l}N i0...iN )_∗ ρ^{l0...l}N k0...kN , (2)

where the coef^cients S^{k0...k}N_{i0...i}N are de^ned by the transformation (1) S^{k0...k}N i0...iN = ⟨iN | ... ⟨i0| U (N+1)† |k 0⟩ ... |k_N ⟩ The equation (2) is the basic tool of the reconstruction procedure. Essentially, it stems from the fact that for any ^nite-sized density matrix of signal state it is possible to measure p_0 for different parameters of 2(N + 1)-port and ef^ciencies of the detectors and obtain the system of linear algebraic equations for the coef^cients ρ^{l0...l}N_{i0...i}N . Immediately, three important conclusions follow from the formulae (2). First, it is obvious, that such reconstruction scheme would work only if the detectors are non-ideal. One should have a non-zero probability to obtain no photocounts when state with arbitrary high number of photons impinges on the detector. Second, if no information available about the signal density matrix apart from its ^niteness, the scheme does not allow to make the complete reconstruction. Namely, it allows to ^nd such subset of the elements ρ^{l0...l}N_{i0...i}N that ∑ i_j = ∑ l_j . This subset includes, for example, the diagonal elements of the density matrix. Third, if the density matrix of the signal state may be represented as a direct product of known single-mode density matrix σ and unknown N-mode density matrix γ, the expression (2) could be re-written as

p_0 = ∑ M=0 ∑ ∑_i j =M ∑ ∑_k j ,lj ≤M N∏ j=0 (1 − η_j )^ij S^{k0...k}N�^{1,M−} ∑_k j i0...iN

× ( S^{l0...l}N�^{1,M−} ∑_l j i0...iN )_∗ γ^{l0...l}N�^1 k0...kN�1 σ M− ∑_k j M− ∑_l j , where sums of k_j and l_j is taken from j = 0 to j = N − 1 . As seen from this equation, it is suf^cient to use one probe state only for the reconstruction of N-mode signal state. Of course, to make the reconstruction possible one should be able to choose the parameters of the 2(N + 1)-port, the detector ef^ciencies and the probe state density matrix in such way that the obtained system of equations is non-degenerate. For example (as it was shown in [1,2]), for the reconstruction of the single-mode state the 4-port is simply a beam-splitter, and it is possible to use coherent states for the probe.

Now we demonstrate how the described scheme works using a simple example of reconstruction of two-mode completely unpolarized light. The density matrix of completely unpolarized light has the form [7,8] ρ = ∑ M=0 R_M ρ_M , (3)

where the operators ρ_M describe states of precisely M photons with completely unde^ned polarization

ρ_M = 1 M + 1 M∑ j=0 |j_0⟩ |(M − j)_1⟩⟨(M − j)_1| ⟨j_0| . of two orthogonally or circularly polarized modes a_0 and a_1 .The measurement set-up for the reconstruction of the state (3) is actually the direct detection scheme (Fig. 2). As it could be easily seen, for the detector with the ef^ciency η_i the probability to have no photocounts is given by

p^{(i)}_0 = ⟨: exp ( −η_i ( a^+_0 a_0 + a^+_1 a_1 )) :⟩ = ∑ M=0 (1 − η_i)^M R_M . (4)

From the Eq. (4) it follows that the set of detectors with different ef^ciencies is enough for the reconstruction. Indeed, let the density matrix (3) be ^nite with the maximal number of photons M_{max} = N. In this case measuring p_0 for N different ef^ciencies of detectors we will obtain the non-degenerate system of linear equations which could be solved analytically with help of Lagrange polynomial interpolation [3,9].

Generally, our reconstruction procedure includes three basic components. First, it is the solution of the deterministic reconstruction problem described by the Eq. (4) [or, in general, by the Eq. (2)] even if it is overcomplete, i.e. more different p^{(i)}_0 are measured than the suggested maximal number of photons N. Second, an adequate tool should be provided for treatment of

Fig. 2. Schematic outline of the measurement set-up for the reconstruction of two-mode completely unpolarized state.

the measurement noise. An in~uence of noise generally leads to incompatibility of the overcomplete system of reconstruction equations, and makes necessary to implement a statistical estimation procedure [10,11]. Such procedure is also necessary to guarantee that the result of the reconstruction is indeed the density matrix, i.e. that the reconstructed matrix is positive definite. Third, it would be useful if we are able to check whether our initial suggestion about the size of the signal density matrix is correct. In other words, in our example it should be possible to perform an estimation for the sequence of suggested maximal numbers of photons N_1, N_2 and so on, and then to check how results of estimation converge with increasing of N.

In the works [1-3,10,11] the maximum likelihood estimation procedure was suggested for the purposes listed above. However, in our example of the reconstruction of completely unpolarized light a simpler procedure could be used for the same purpose, namely, the least square method with linear constraints [12]. Then it is possible to impose the positiveness of the result as a bound. It should be noted that, in general, the system of Eqs. (4) is ill-conditioned. The problem of ^nding a stable, numerically robust solution is far from trivial and requires a regularization procedure. In particular, in our consideration we used the stochastic regularization procedure [13].

For illustration we take the completely unpolarized thermal state described by the coef^- cients

R_n =

N^n_{(s)} ( 1 + N_{(s)}

)_{n+1} ,

where N_{(s)} denotes the average number of photons. The reconstruction procedure is as follows: at ^rst, p_0 are measured for the number of different detector ef^ciencies. This number should be no less than the maximal truncation number. Of course, for practical purposes it is more convenient to use a variable absorber in from of just a single detector instead of a set of different detectors. A convenient model of such absorber is a beam-splitter. By varying its transmittance a set of detectors with different ef^ciencies can be simulated. Then the reconstruction is done for different suggested truncation numbers using obtained balk of data and the convergence of reconstructed elements is checked. In Fig. 3 an example of such procedure is shown for the completely unpolarized thermal state with N_{(s)} = 0.5. Here for plots (b,c) an in^nite number of measurements was taken, so the statistical error is absent. Errors are caused by choosing the truncation number only. It should be noted that the convergence of the elements R_n is different for different n. For example, R_0 is well estimated even for the truncation number N = 3. In Fig. 3(d-f) it is shown using Monte-Carlo simulation how the statistical error propagates for the ^xed truncation number. It could be seen that even the modest number of measurements

Fig. 3. Reconstruction of two-mode completely unpolarized thermal state with the average number of photons N_(s_) = 0.5. On the plot (a) true coef^cients Rn are plotted. On the plots (b,c) results of reconstruction are plotted for truncation numbers N = 3 and 5. For these plots an in^nite number of measurements was taken, so the errors are caused by the truncation only. On the plots (d-f) the propagation of statistical error is illustrated for the truncation number N = 7 and for 25, 100 and 625 measurements for each value of detector ef^ciency. 50 different ef^ciencies were taken for all plots. They are homogeneously distributed in the interval [0.1, 0.9].

provides good accuracy of the reconstruction. In particular, for the truncation number N = 7 only hundred measurements for each detector ef^ciency are enough [Fig. 3(e)]. It should be noted that again the convergence of the elements is different for different n . For higher n it is necessary to perform more measurements to achieve a suf^cient accuracy.

Acknowledgments I would like to thank E. P. Petrov and V. N. Shatokhin for encouragement, help and fruitful discussions.

748 D Mogilevtsev

References

[1] D. Mogilevtsev, Z. Hradil, J. Perina: Quant. Semiclass. Opt. 10 (1998) 345 [2] D. Mogilevtsev: Phys. Rev. A 57 (1998) 2146 [3] D. Mogilevtsev: Opt. Commun. 156 (1998) 307 [4] K. Banaszek, K. Wodkiewicz: Phys. Rev. Lett. 82 (1999) 2009 [5] G.M. D’Ariano: in Quantum Optics and Spectroscopy of Solids, edited by T. Hakioglu and A. S.

Shumovsky (Kluwer Academic, Amsterdam, 1997) pp.175-202 [6] H. Paul, P. Tormĺa, T. Kiss, I. Jex: Phys. Rev. Lett. 76 (1996) 2464 [7] H. Prakash, N. Chandra: Phys. Rev. A 4 (1971) 796 [8] J. Lehner, U. Leonhardt, H. Paul: Phys. Rev. A 53 (1996) 2727 [9] R.A. Horn, C.R. Johnson: Matrix analysis (Cambridge University Press, Cambridge, 1986) chapter 0.9.11.

[10] D. Mogilevtsev, Z. Hradil, J. Perina: J. Mod. Opt. 44 (1997) 2261 [11] Z. Hradil: Phys. Rev. A 55 (1997) R1561 [12] R.J. Hanson: SIAM Journal Sci. Stat. Computing 7 (1986) 826 [13] E.P. Petrov: Exponential series method: a random operator approach, in Europe CLEO/EQEC-98 technical digest (IEEE, Piscataway, NJ, 1998) paper QTuG72