acta physica slovaca vol. 49 No. 4, 765 Ű 770 August 1999

PHASE DISTRIBUTION OF THE MICROMASER FIELD WITH INJECTED ATOMIC COHERENCE^∗

J. “Skvar“cek^1, M. Hillery^2 Department of Physics and Astronomy, Hunter College of C.U.N.Y., 695 Park Avenue, New York, NY 10021, U.S.A.

Received 27 April 1999, accepted 10 May 1999

We present the solution for the phase distribution of the steady state micromaser �eld for the case with injected atomic coherence in the semiclassical approximation.

PACS: 42.50.-p, 42.50.Dv

1 Introduction

The micromaser pumped by atoms in their upper state is a device which has received a great deal of attention. The steady ^eld it produces has no mean phase, because any value of the phase is equally likely. If the atoms are injected in a coherent superposition state, however, the atomic dipoles do have a phase, and because they drive the ^eld, the ^eld has a phase as well. Here we would like to investigate the phase distribution of the ^eld which is produced by atoms in a coherent superposition state.

The micromaser with injected atomic coherence has been investigated by several authors, but only in restricted parameter regimes, for example, keeping terms in the master equation only up to 4th order in the atom-^eld coupling constant [1Ű3]. This is a much more complicated problem than the case in which the atoms are completely inverted. In that case, the diagonal elements of the density matrix couple only to each other, but when there is atomic coherence this is no longer the case. The entire density matrix must be treated at once.

Here we employ techniques developed by Gea-Banacloche to the problem [4]. These rely on the very simple time evolution of particular atomic states. We are able to use them to ^nd an approximate expression for the phase distribution of the ^eld which contains the mean photon number as a parameter. This must be found by other means, but once it is, the phase distribution is determined. Our results are compared with phase distributions obtained from numerical simulations, and the agreement is very good.

�Presented at the 6th Central-European Workshop on Quantum Optics, ChĹateau Chudobť”n, Czech Republic, April 30 - May 3, 1999.

1E-mail address: jskvarce@shiva.hunter.cuny.edu 2E-mail address: mhillery@shiva.hunter.cuny.edu

0323-0465/99 cfl Institute of Physics, SAS, Bratislava, Slovakia 765

2 Micromaser

We shall begin describing brie~y micromaser [5]. A micromaser consists of a beam of two-level atoms passing through a high-Q microwave cavity with electromagnetic ^eld. It is assumed that the atomic beam is of low density, i.e. at any given time there is at most one atom present in the cavity. We also assume that the microcavity supports only one mode of the ^eld which is in resonance with the atoms at the frequency ω. The atom-^eld interaction is governed by the Jaynes-Cummings model and when the cavity is empty then the ^eld decays into the environment which is in our case at zero temperature. If the probability of the atoms being at the upper state is high when they enter the microcavity then the micromaser can maintain non-zero steady state ^eld.

The atoms have states |a⟩, with energy ω (we are using units with h̄ = 1), and |b⟩, with energy 0. The Hamiltonian describing the atom-^eld system is [6] H = ωa^†a + 1 2 ω(σ_3 + I) + g(a^†σ^− + aσ^+). (1)

If the atom is initially in the coherent state |Ψ_{at}⟩ = α|a⟩ + β|b⟩, (2) and the ^eld is initially in the state |f⟩ = ∞∑ n=0 d_n|n⟩, (3) then after a time τ the state of the combined system will be |f⟩ ⊗ (α|a⟩ + β|b⟩) → ∞∑ n=0 d_n(αc_{n+1}|n⟩ − iβs_n|n − 1⟩)|a⟩

+ ∞∑ n=0 d_n(βc_n|n⟩ − iαs_{n+1}|n + 1⟩)|b⟩, (4) where s_n = sin(gτ √ n) and c_n = sin(gτ √ n) and g being the atom-^eld interaction constant.

Eq. (4) de^nes the time evolution of the ^eld density matrix ρ̂ = Tr_{at}ρ̂_{system} that can be written in the number-state representation as

ρ_{nm} → ρ_{nm}(|α|^2c_{n+1}c_{m+1} + |β|^2c_nc_m) + ρ_{n−1,m−1}|α|^2s_ns_m + ρ_{n+1,m+1}|β|^2s_{n+1}s_{m+1} + iαβ^∗(c_{n+1}s_{m+1}ρ_{n,m+1} − s_nc_mρ_{n−1,m}) + iα^∗β(c_ns_mρ_{n,m−1} − s_{n+1}c_{m+1}ρ_{n+1,m}). (5) The decay of the micromaser ^eld for the cavity at zero temperature is described by the master equation [7] dρ̂ dt = − 1 2 γ(a^†aρ̂ + ρ̂a^†a − 2aρ̂a^†), (6) which has the solution in the number-state representation ρ_{mn}(t) = e^{−γt(m+n)/2} ∞∑ l=0 ( (m + l)! m! (n + l)! n! )_{1/2} (1 − e^{−γt})^l l! ρ_{m+l,n+l}(0), (7) where γ is the loss coef^cient. Eqs. (5,7) will be used in the numerical simulations.

3 Phase Distribution

Knowing the ^eld density matrix at given time the phase distribution of the ^eld can be calculated. The probability that the phase is within the interval λ, λ + dλ is ⟨λ|ρ̂|λ⟩dλ, where |λ⟩ is the quantum-mechanical phase state |λ⟩ ≡ 1 √ 2π ∞∑ n=0 e^{inλ}|n⟩. (8) The core of our approach to determining the phase distribution lies in using the special orthogonal atomic states |±⟩ ≡ 1 √ 2 (e^{−iϕ}|a⟩ ± |b⟩), (9) as the atomic basis. |±⟩ are actually the eigenstates of the semiclassical interaction Hamiltonian which is obtained when replacing the operators a (a^†) in the interaction term of Eq. (1) by the c-number ^eld amplitude v (v^∗), v = |v|e^{−iϕ},

H_{int,sc} = g(σ^−v^∗ + σ^+v). (10)

These states were intensively studied within the Jaynes-Cummings model by J. Gea-Banacloche [4] who discovered relatively simple formula which describes their time evolution in the limit of very large photon number n̄. On the time scale which is much smaller than the revival time t_r = 2π √ n̄/g, the micromaser ^eld is very similar to coherent state and the system initially prepared in one of the states |±⟩|v⟩ evolves according |±⟩|v⟩ → e^{∓i gt} p_{n̄2} |±⟩|ve^{∓i gt2}p^{n̄} ⟩, (11) where |v⟩ is the initial coherent ^eld with complex amplitude v = √ n̄e^{−iϕ}. The time evolution given by Eq. (11) is good up to the order of 1/ √ n̄ having n̄ = |v|^2.

An arbitrary atomic state given by Eq. (2) can alternatively be expressed as

|Ψ⟩ = e^{−iu} sin θ|a⟩ + cos θ|b⟩, (12)

and then in the basis of |±⟩ states as |Ψ⟩ = ⟨+; ϕ|Ψ⟩|+; ϕ⟩ + ⟨−; ϕ|Ψ⟩|−; ϕ⟩, (13) where the explicit phase dependence of states |±⟩ has been included. The coef^cients of expansion can be found easily |⟨+; ϕ|Ψ⟩|^2 = 1 2 (1 + cos(u − ϕ) sin(2θ))

|⟨−; ϕ|Ψ⟩|^2 = 1 2 (1 − cos(u − ϕ) sin(2θ)). (14)

Then for any initial atomic state |Ψ⟩ Eq. (11) can be employed for ^nding the total state of the system at later time. We are concerned with the steady state micromaser ^eld and its phase in particular, therefore we shall need the evolution of the ^eld density matrix ρ̂. The initial density matrix of the system ρ̂_{system} = |v⟩|Ψ⟩⟨Ψ|⟨v| evolves in time according Eq. (11) too, of course, and it provides the ^eld density operator after we take trace with respect to the atomic degrees of freedom. Then we obtain |v⟩⟨v| → |⟨+; ϕ|Ψ⟩|^2|e^{−iδϕ}v⟩⟨e^{−iδϕ}v| + |⟨−; ϕ|Ψ⟩|^2|e^{iδϕ}v⟩⟨e^{iδϕ}v|, (15) where δϕ = gτ/2 √ n̄. In order to ^nd the steady state phase distribution of the ^eld, the P-representation of the density matrix may be used with advantage. The P-representation expresses ρ̂ in the diagonal terms in the basis of the coherent states |ξ⟩ as ρ̂ = ∫ d^2ξP (ξ)|ξ⟩⟨ξ|, which tells us how to convert Eq. (15) into an equation for P (v) P (v) → |⟨Ψ|+; ϕ − δϕ⟩|^2P (ve^{iδϕ}) + |⟨Ψ|−; ϕ + δϕ⟩|^2P (ve^{−iδϕ}). (16) It is apparent that the Eq. (16) describes merely changes of the ^eld phase, it does not say how the ^eld amplitude varies with respect to time, so that we drop the explicit |v| dependence in P (|v|e^{−iϕ}) and then with the help of Eq. (14) we get P (ϕ) → 1 2 (1 + cos(u − ϕ + δϕ) sin 2θ)P (ϕ − δϕ) + 1 2 (1 − cos(u − ϕ − δϕ) sin 2θ)P (ϕ + δϕ). (17)

The right hand side of Eq. (17) must be equal to P (ϕ) should we have the steady state ^eld. For the large n̄ we have δϕ << 1, therefore we expand the rhs of Eq. (17) up to the second order of δϕ and then the steady state condition give us the second order differential equation for P (ϕ)

0 = − d dϕ [P (ϕ) cos(u − ϕ) sin 2θ] + 1 2 d^2 dϕ^2 P (ϕ)δϕ, (18) which can be integrated providing periodic solutions

P (ϕ) = C^′e^{− 2 sin 2θδϕ sin(u−ϕ)}, (19)

where C^′ is the constant of integration. The solutions given by Eq. (19) allow us to make couple of conclusions. Firstly, without even knowing C^′, one can immediately ^nd the position of the maximum of the phase distribution

ϕ_{max} = u − 3π 2 . (20)

Secondly, the phase probability distribution R(λ) ≡ ⟨λ|ρ̂|λ⟩ can be calculated from R(λ) = ∫ d^2ξP (ξ)|⟨ξ|λ⟩|^2. (21)

Fig. 1. Phase distribution of the cavity �eld. Data from the numerical simulations is plotted by the continuous line. Dashed line shows results from Eq. (23).

The coherent state in the number-state representation is de^ned as |ξ⟩ ≡ e^− jξj^2_2^∞∑ n=0 ξ^n √ n! |n⟩, (22) and then from Eq. (21) we obtain ^nal expression for R(λ) (r = √ n̄) R(λ) = C 2π e^{−r2} ∞∑ n,m=0 r^{m+n} √ m!n! ∫_{2π} 0 dϕ cos((ϕ + λ)(n − m))e^{− 2 sin 2θδϕ sin(u−ϕ)}. (23)

The constant C is determined from the normalization condition ∫_{2π} 0 R(λ)dλ = 1. (24)

In order to check the validity of Eq. (23) we ^rst ran the numerical simulations. As the initial state of the ^eld was taken the vacuum, the pumping atoms given by Eq. (12) had u = 0 and sin θ = 0.9. The other values of the micromaser parameters were chosen to be as close as possible to those that occur in actual experiments [8]. The atom-^eld coupling constant g was set to 4.4 × 10^4 Hz, the time between two consecutive atoms t was set to 6.66 × 10^{−3} s, the cavity loss coef^cient γ was set to 5 s^{−1}, which provided number of atoms passing through the cavity during a single decay time N_{ex} = 30. Then we made a series of trials in order to determine which value of the atom-^eld interaction time τ gives the largest n̄. During the trials we ^rst let the cavity ^eld interact with the pumping atom according to Eq. (5), then followed by a period when the ^eld decayed into the environment, Eq. (7). The measurement of the ^eld was performed just before next atom entered the cavity. When the ^eld reached its steady-state, the mean photon number n̄ was measured. It was found that we get maximum n̄ = 23.6 when τ = 5.58 × 10^{−6} s. The values of n̄, τ were used for calculating δϕ = 0.02525. Then we employed Eq. (23) where we set the upper limit for indices m, n to 50. On Fig. 1 we provide both results, from the numerical simulations and analytical, they coincide very well. Also, the location of the maximum of the distribution corresponds to Eq. (20).

Experimenting more with the parameters we found that Eq. (23) provides excellent results having large n̄. For the lower values of n̄ the peak became less pronounced and the values started to depart from those obtained by simulations.

4 Discussion

Our result for the phase distribution of the steady state micromaser ^eld is in very good correspondence with the numerical simulations in the region of validity of the semiclassical approximation, i.e. when mean photon number n̄ is large. The result, however, does not provide information about the amplitude of the ^eld, which remains to be motivation for further research.

References

[1] J. Krause, M.O. Scully, H. Walther: Phys. Rev. A 34 (1986) 2033 [2] J.J. Slosser, P. Meystre, S.L. Braunstein: Phys. Rev. Lett. 63 (1989) 934 [3] J.J. Slosser, P. Meystre: Phys. Rev. A 41 (1990) 3867 [4] J. Gea-Banacloche: Phys. Rev. A 44 (1991) 5913 [5] P. Filipowicz, J. Javanainen, P. Meystre: Phys. Rev. A 34 (1986) 3077 [6] E.T. Jaynes, F.W. Cummings: Proc. IEEE 51 (1963) 89 [7] W.H. Louisell: Quantum Statistical Properties of Radiation (Wiley, New York, 1973) [8] G. Rempe, F. Schmidt-Kaler, H. Walther: Phys. Rev. Lett. 64 (1990) 2783