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CIRCULAR ORBITS OF A PARTICLE IN KERR FIELD: A STUDY USING
EFFECTIVE ONE-BODY APPROACH
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Constraint Hamiltonian dynamics is used in an effective one-body approach to study rela-
tivistic gravitational two-body system with spin-orbit interaction. Radii of circular orbits and
approximate location of innermost stable circular orbit (ISCO) of a non-spinning body around
a slowly spinning body whose gravitational field is described by the Kerr metric are derived.
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1 Introduction

Astrophysical binary systems consisting of compact objects e.g. neutron star, pulsar, black hole,
are very important sources of experimental data that will provide precision tests in favor of one
or other theory of gravitation. They are also of much popular interest because we seek a com-
plete understanding of nature. We know that the dynamics of binary systems are governed by
the relativistic two-body problem. The relativistic two-body problem is not yet fully solved
in the framework of general relativity. Various approximation methods are now in use in the
study of relativistic two-body problem. Among these methods are the Post-Newtonian (PN) and
Parametrized Post-Newtonian (PPN) approximations. Recently, a novel approach to the rela-
tivistic two-body problem is shown by Fiziev and Todorov [1] where the notion of an effective
particle moving in an external field has been developed in much like the way of non-relativistic
two-body problem. In this formalism, the well known reduced mass attributable to the effective
particle depends on the total centre-of-mass (c.m.) energy of the two-body system. Another
effective one-body approach to the general relativistic two-body problem is shown by Buonanno
and Damour [2] where the relativistic two-body dynamics is mapped onto that of a test particle
moving in an effective external metric. For the case of a non-spinning body moving in the field
of another non-spinning central body (Schwarzchild metric case), both the methods [1,2] lead to
identical results for, say, radius and angular frequency of circular orbits, location of ISCO etc.

The purpose of this article is to carry on the necessary calculations, following the way shown
by Fiziev and Todorov [1], to find the locations of circular orbits and of ISCO for the case of
a non-spinning body moving round a spinning central body (Kerr metric case). As far as we
know, this is the first such calculation and as such, this is very important. We first write the
Hamiltonian necessary for the study and then derive the equations of motion. Finally, we find
the radii of circular orbits and location of ISCO.
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2 Hamiltonian Constraint and the Equations of Motion

We undertake the task of writing the Hamiltonian constraint suitable for description of motion
of an effective particle in the field of a spinning Kerr object. Before we enter into this, we need
to clarify some necessary mathematical terms. First, we need to know the effective metric in
which the particle moves. Following Fiziev and Todorov [1] and Buonanno and Damour [2] we
assume that the field is a deformed Kerr metric and following Fiziev and Todorov [1] we further
assume that the metric is determined by a coupling parameter that depends on the two masses;
the coupling parameter is given by �������	�
��� , which replaces the mass of the source of the
Kerr metric2.

The radial coordinate has dimension of action, ������	� , � being the invariant distance
between the bodies in c.m. frame and �	� being the energy dependent reduced mass, �	����	�
������� , � being the total c.m. energy of the two-body system. The effective particle c.m.
energy is given by� � � � ��� � � � � � ��� � � (1)

In what follows, the four momentum of the effective particle are dimensionless. As such, we
use ��� � � ��� � as the energy and �! ��#"%$&��� � as the radial momentum with "!$ as the actual
radial momentum. For a detailed knowledge of these terms and their necessity we refer to [1]
(Note that we use geometrical units with '(��)*�,+ , while the authors of [1] do not). To obtain
the equation of motion of the effective particle, we first construct the constraint Hamiltonian,
following Fiziev and Todorov [1], as- � +�/.10 +32547698�� 6 � 8 :<;>=�? (2)

where
.

is a Lagrange multiplier. For the theory of constraint Hamiltonian dynamics we refer to
[3]. For the Kerr field, the metric in Boyer-Lindquist form is@BA � � �DC + � �/E FHG @/I � 2 FJ @  � 2 F @/K � 2,LFNMPORQ � K/@/S � �UT EWVF  MPORQ � KX@/IY@/S ? (3)

where F �> � 2 V �[Z]\ M � K ? J �^ � � �_E �2 V � ? L �a`b � 2 V ��c � � V � J MdOeQ � K (4)

and
E

is the mass of the source of the Kerr metric,
V

is the spin angular momentum per unit
mass of the source. It is known that motion in a plane around a Kerr object is possible only on
the equatorial plane,

K �,f�� � ? @/K � = . The square of the four-gradient operator corresponding
to the metric (3) applicable for motion on the equatorial plane can be written as [4]4 698hgg%i 6 gg%i 8 � � + � � �/E j2 V � C  � 2 V � 2 �_E  V � � G C gg I G � 2  � � �_E k2 V � � C gg  G � 22 + � � �_E j2 V � C + � �_E  G C gg S G � � T E  V �ml  � � �/E j2 V ��n C gg S G C gg I G � (5)

2In conventional units oqpsrUtvuxwYu�y{z
| , having the dimension of action. This, when divided by u~}<| , gives
the true radius in dimension of a length , which replaces the term t���z
| y that usually appears in the metric. See the
following.
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We now write the Hamiltonian constraint (2) explicitly from (5) replacing
E

by � � and
using the transformations g � g I�� � � , g � g  � �< , g � g S����

:- � +�/.W� +32 C + � � � � 2 V � � G � � 2 + � �
�B� + � �
� � 2��{� � � � ���� +32 ��� � d� `  � 2 V � c+ � �
�/� 2 � � ��� � � 2 T �v� V��*`P+ � �
�/� 2 � � � c � �%� ;s= � (6)

That this is the correct Hamiltonian describing motion of a nonspinning effective particle
around a spinning particle can be verified by the correspondence set by the requirement that
when the spin is made off, the Kerr metric reduces to the Schwarzchild metric which is here
translated as that the Hamiltonian should reduce to the one for Schwarzchild case. One sees that
this is indeed so:

V � =
reduces (6) to- � +�/.W� +32 C + � � � � G1� � 2 � � � � � �+ � �
� � � ;>=�? (7)

which is the Hamiltonian found by Fiziev and Todorov [1] for the Schwarzchild case. Now, we
write the following equations of motion:��� g -g �% ��� �  . (8)�S � g -g � ��4 ��� � �.  � 2 � � � V.  � ��� � � (9)�I � � g -g � � �.N� +32 � � � � `b � 2 V � c � � ��� � � � � V.  � � � � � ? (10)

where � � C + � � � � 2 V � � G ? 4�� C + � � � � G � (11)

Equations (8)–(10) should be compared with the equations of Carter [5] for geodetical motion
in the Kerr field. We note that Eqs. (8)–(10) reduce to Carter equations when

.
is set equal to

unity and the transformation ��� � E
is applied [4,5]. Also, in our equations mass of the

orbiting particle does not appear explicitly which is explicit in Carter equations (For clarification
see Refs. [1,4,5]). The parallel between our equations of motion and Carter equations is a sign
of correctness of the approach presented here. However, Carter’s equations are applicable for
geodetical motion, i.e., for motion of a particle whose gravitational field does not disturb the
field of the central body. As such, the metric in geodetical motion is determined by the central
body alone, whereas in the effective one-body approach we are following here, the metric is
determined by the two bodies of the binary. Hence, Carter’s results are applicable in the test mass
limit whereas in the effective one-body approach mass of the orbiting body can be comparable
to the mass of the central body.
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Now, solving (6) for �< , we get�% k��� C ��� � 2 � �v� � `  � 2 V � c ��� � G � � � T ��� V � ��� � � � � 4 ��� � � � � � ��� ��� �d��� � (12)

Substituting (12) in (8) and dividing (8) by (9), we get the
.

—independent equation of motion� � @ @BS ��¡ ¢¢¢£ ���B� d� `  � 2 V � cX¤ � � �¦¥ �§©¨*ª �§ �B« �l � � �¦¥ �§ n � � ���X¬ �B� � �� ¤ � � �¥ �§®¨¯ª �§ �7« �l � � �¦¥ �§ n � � �� ¤ � � �¥ �§®¨ ª �§ �7« �� � �¥ �§ ° � � � ¤ � � �¥ �§©¨ ª �§ �7« �l � � �¦¥ �§ n � ` + � � � c
±³²²²´ �d��� l + � � �v� V �� �4 n � (13)

This equation governs motion of the effective particle on the equatorial plane. Solution of this
equation seems to be extremely difficult and this forces us to take resort to some approximations.
We, therefore, assume a slowly spinning central body with

V�µ�µ + . In the subsequent equations,
then, we neglect terms proportional to

V � and higher, and terms proportional to +��� ¬ and higher.
Moreover, the last term in Eq. (13) is neglected since both

V �� ? � are much smaller than unity.
The resulting equation can then be put in the form� @_¶@/S ��·¸� ¶ � �º¹ ¶ � 25» ¶ �½¼¿¾ �d����? (14)

where ¶ � �  ? »À� � � �� ?ÂÁ � V� ? ¼ �D+ � � � ?�Ã�*»Ä`d+ � � Á �º2�Å Á � � � c ? ¹ �(+32#Å ¼ Á � � (15)

The substitution
Á � = reduces � � » ? ¹ � + and we get� @_¶@/S � · » ¶ � � ¶ � 2#» ¶ �Ã¼ ¾ �P����? (16)

which is exactly Eq. (62) of Ref. [1], the equation of motion for the Schwarzchild case. Now, we
study the general features of motion defined by Eq. (14). We assume that all three roots

¶7Æ ? ¶ � ? ¶ �
of the polynomial under the square root of Eq. (14) are positive reals, since this is required for a
bounded orbit:Ç � l ¶ n �^� ¶ � �À¹ ¶ � 2�» ¶ ��¼ �s� l ¶ � ¶9Æ n¿l ¶ � ¶ � n¿l ¶ � ¶ � n ? = µ ¶ �~È ¶ � µ ¶9Æ � (17)

Bounded motion belongs to the range
¶ �ÉÈ ¶ È ¶ � for which

Ç � l ¶ n is non-negative. The
necessary and sufficient conditions for the constants appearing in (17) for which all zeros ofÇ � l ¶ n are positive are (i) positivity of ¼ (in that case there is no change of sign of the terms inÇ � l � ¶ n�n := µ ¼ `Ê�W+ � � � c µ + (18)
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and the condition that the discriminant Ë satisfyËh�sÌ � 2©� � È =k? (19)

where ÌW� Å&Í� � `9Î� c �Ï ?
�U� Ï ` � Î� c ` Í� c � �/ÐxÑ �XÒ��Ó � � ` � Î� c �Ô T ?

(20)

which follows from the theory of polynomials [6]. After some algebra, Eq. (19) gives usT C + � Å9»��¹ � GDÕ Ð9�9Ï � ¼ � �¹ � 2 +Å C �Ï � �[»¹ � G � � ? Å9»��¹ � È�+ � (21)

Equation (21) can be compared with Eq. (65) of Ref. [1] to which Eq. (21) reduces in the
limit

V � =
. Now, when the discriminant vanishes, the two roots

¶ � and
¶ � become equal and

corresponds to circular orbit with¶ ��� ¶ �¯� ¶/Ö � ¹Å/� � �× �W� ¹5Ø + �ÙC + � Å_»B�¹ � G �d�d�ÛÚÅ/� � (22)

In the limit
V � =

, we get the circular orbit of a nonspinning effective particle around a
nonspinning central body (Schwarzchild case):¶ Ö l¦Ü&n � + � `d+ � Å_» � c �d���Å9» ?

(23)

which coincides with Eq. (66) of Ref. [1]. We note that for circular orbit¼ � ` � ¶ �Ö �Ã¹ ¶/Ö 2©» c ¶/Ö � � ¹ � C + � Å9»��¹ � G �d��� � � ¹ � 2 Ï ��» ¹��½Ý �[» ¹½C + � Å_»B�¹ � G �d�d��BÐ � � � (24)

The frequency in a circular orbit isÞ � @/S@/I � �S �I � ¶ �Ö l + � » ¶/Ö n� � 0 +32 Á � ¶ �Ö 2 Á � » ¶ �Ö : � � » Á ¶ �Ö C +32 » Á ¶/Ö �+ � » ¶ Ö G ? (25)

which reduces to Eq. (68) of Ref. [1] in the limit
V � =

. To find the actual radius of a circular
orbit given by the solution (22), we have to use appropriate transformation described in the
beginning of this article.

Next, we find parameters for approximate innermost stable circular orbit (ISCO), which oc-
curs when all three roots of

Ç � l ¶ n coincide. This happens when Ì��Ù�h� = in Eqs. (19) and
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(20) and both sides of Eq. (21) vanish. Some algebra gives us, for this approximate ISCO, the
following:Å9»��¹ � �(+ ? ¼ � � � Ñ ¹ Å Ó � (26)¶ ��� ¶ �¯� ¶/Ö � ¶7ß{àBá[âÆ � ¹Å/� � »¹ � (27)

In the limit
V � =

, we get the Schwarzchild values¶ ß
àBá�âÆ � +Å9» �>» ãä» � � +Å ? »À� +× Å �>» ß{àBá[â lÜ&n (28)

which are the values found by Fiziev and Todorov [1]. The ¼ corresponding to the ISCO defined
by Eqs. (26) and (27) can be found from (24) and (27) as¼ ß{àBá[â � × ÅÏ,å » �� � (29)

Equation (29) leads to a polynomial equation of 4 æèç order whose solution gives the energy of
the ISCO. We remark that the expression (29) correctly gives in the limit

V � =
, the Schwarzchild

value ¼ ß{àBá[â l¦Ü&n � +Ï � (30)

A unique value for � can be found from this study by imposing the further condition thatÁ µ�µ + . In that case, we get ¹ ; + ? �º�>» l + � � Á � n and Eq. (29) leads to the value

� ß{à/á�â � � × ÅÏ » Á 2 C Åé + » � Á �k� T × ÅÏ »�2 T G �d�d�� � (31)

This solution possesses the Schwarzchild value� ß{à/á�â lbÜ&n � × éÅ ?
(32)

which is found by Fiziev and Todorov [1]. The radius of the ISCO found from (27) is, in the
limit

Á µ�µ + , ß
àBá�â � Ý � � l + � � Á � n � (33)

The actual radius is found by dividing (33) by �	� , where�ê��� �	�
���l �1��2#��� n¿ë + � �_ì l + � � n ? ì � �	�
���l �	�&25��� n � (34)

(see Ref. [1] for details). We note that the radius given by (33) is in parallel with the test particle
limit, i.e. we get the result in the test particle limit from (33) without using the division mentioned
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above. In that case Eq. (33) gives us the Schwarzchild value for the radius of ISCO in the limitÁ � =
, as ß
àBá�â lbÜ&n � Ý E ?

(35)

where we have used the transformation � � � E
to go back to the test particle limit. Equation

(35) gives the well known value of ISCO radius in the Schwarzchild field [7].
We have, thus, found radii of circular orbits (Eq. (22)), location of ISCO (Eqs. (27) and

(33)) and energy of the ISCO (Eq. (31)) of an effective particle moving round a slowly spinning
central Kerr object. The corresponding parameters for a body in the Schwarzchild field are given
by Eq. (23), Eqs. (28) and (35), and Eq. (32).

3 Conclusion

In this paper, we have presented a fresh study of orbits of a body in the field of a spinning central
body. Masses of the bodies are assumed to be comparable so that the results computed are not
limited to the test particle limit. Our study introduced a new Hamiltonian constraint suitable for
the study of relativistic two-body problem with spin-orbit interaction. The subsequent equations
of motion are elegant and they reduce to those of the Schwarzchild case in the appropriate limit.
Moreover, the equations of motion reduce to Carter equations [4,5] for geodetical motion when
appropriate transformations are applied. This is indicated in the text.We have derived expression
for radii of circular orbits of an equivalent effective particle in the field of the central body whose
gravitational field is described by the Kerr metric. The procedure followed in the derivation is
due to Fiziev and Todorov [1] who computed orbital parameters for an effective particle in the
field described by the Schwarzchild metric. As far as we know, our study is the first effective
one-body calculation of orbits of a nonspinning body round a slowly spinning central body along
the line shown by Fiziev and Todorov [1]. As such we are in a somewhat lone position regarding
accuracy of the results. Nevertheless, we can justify our results by their simple correspondence
with the Schwarzchild case which is shown in the text.
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