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We calculate the total energy (the matter plus fields) of the universe considering Bergmann-
Thomson’s energy-momentum formulation in both Einstein’s theory of general relativity
and tele-parallel gravity on two different space-times; namely Reboucas-Tiomno-Korotkii-
Obukhov and the Godel-type metrics. We also compute some kinematical quantities for these
space-times and find that these space-times have shear-free expansion and non-vanishing
four-acceleration and vorticity. Different approximations of the Bergmann-Thomson energy-
momentum formulation in these different gravitation theories give the same energy density
and agree with each other. The results advocate the importance of energy-momentum defini-
tions.

PACS: 04.40.-q; 04.50.+h

1 Introduction

The problem of energy localization is one of the oldest and most controversial problems which
remain unsolved since the advent of Einstein’s theory of general relativity [1]. Recently, this
problem argued in tele-parallel gravity; It has been worked out by many physicists [2-10]. After
Einstein’s original work [11] on energy-momentum formulations, various definitions for energy-
momentum densities were proposed: e.g. Tolman, Papapetrou, Landau-Lifshitz, Bergmann-
Thomson, Mgller, Weinberg, Qadir-Sharif and also tele-parallel gravity analogs of some of them.
Except for the Mgller formulation, these energy-momentum definitions are restricted to calcu-
late the energy-momentum distribution in quasi-Cartesian coordinates. Mgller proposed an ex-
pression which could be applied to any coordinate system. The notion of energy-momentum
complexes was severely criticized for a number of reasons. First, the nature of a symmetric and
locally conserved object is a non-tensorial one; thus its physical interpretation appeared obscure
[12]. Second, different energy-momentum complexes could yield different energy-momentum
distributions for the same gravitational backgrounds [13]. Finally, energy-momentum complexes
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were local objects while it was usually believed that the suitable energy-momentum of the grav-
itational field was only total, i.e. it cannot be localized [14]. For a long time, attempts to deal
with this problem were made only by proposers of quasi-local approach [15, 16].

There have been several attempts to calculate energy-momentum densities by using these
energy-momentum definitions associated with many different space-times [17-21]. In Ref. [17]
Virbhadra showed that different energy-momentum formulations gave the same energy distribu-
tion as in the Penrose energy-momentum formulation by using the energy and momentum defini-
tions of Einstein, Landau-Lifshitz, Papapetrou and Weinberg for a general non-static spherically
symmetric metric of the Kerr-Schild class. Cooperstock and Israelit [22] found the zero value
of energy for any homogenous isotropic universe described by the Friedmann-Robertson-Walker
metric in the context of general relativity. This interesting result influenced some general rela-
tivists such as Rosen [23], Johri et al. [24], Banerjee and Sen [25]. Johri ef al. found, using the
Landau-Liftshitz energy-momentum definition, that the total energy of an Friedmann-Robertson-
Walker spatially closed universe was zero at all times. Banerjee and Sen who investigated the
problem of total energy of the Bianchi-I type space-times using the Einstein complex, obtained
that the total energy was zero. This result agrees with the studies of Johri et al. since the
line element of the Bianchi-I type space-time reduces to the spatially flat Friedmann-Robertson-
Walker line element in a special case. Vargas [9] found, using the definitions of Einstein and
Landau-Lifshitz in tele-parallel gravity, that the total energy was zero in Friedmann-Robertson-
Walker space-times. This result agrees with the previous works of Cooperstock-Israelit, Rosen,
Banerjee-Sen, Johri ef al. Later on, Salt1 and his collaborators considered different space-times
for various definitions in tele-parallel gravity to obtain the energy-momentum distributions in
a given model. First, Salt1 and Havare [26] considered the Bergmann-Thomson’s definition in
both general relativity and tele-parallel gravity for the viscous Kasner-type metric. In another
work, Salt1 [27], using the Einstein and Landau-Lifshitz complexes in tele-parallel gravity for
the same metric, found that total energy and momentum distributions were zero. Their results
agree with previous results obtained in Refs. [9,22-25]. At last, Aydogdu and Salt1 [28] used the
tele-parallel gravity analog Mgller’s definition for the Bianchi-I type metric and found that the
total energy was zero.

The basic purpose of this paper is to obtain the total energy in Reboucas-Tiomno-Korotkii-
Obukhov (RTKO) and the Godel-type metrics by using the energy-momentum expression of
Bergmann-Thomson in both general relativity and tele-parallel gravity. We will proceed accord-
ing to the following scheme. In section 2, we give the RTKO and Godel-type space-times and
find some kinematical quantities associated with these metrics. In section 3, we give short brief
of energy and momentum pseudo-tensors. Section 4 gives us the energy and momentum defini-
tion of Bergmann-Thomson in general relativity and its tele-parallel gravity analog, respectively.
In section 5, we calculate the total energy densities. Finally, we summarize and discuss our re-
sults. Throughout this paper, the Latin indices (¢, j, ...) represent the vector number, and the
Greek ones (i, v,...) represent the vector components; all indices run from 0 to 3. We use units
where G = landc = 1.
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2 The RTKO and Godel-Type Space-Times

In this section we introduce the RTKO and Gddel-type metrics and then using these space-times
we make some required calculations and find some kinematical quantities in these models.

2.1 The RTKO Model
The RTKO space-time is defined by the line element [29]

ds* = a®(t) [—(dt + me®dy)® + da® + e**dy® + dz?] (D

where z, y, z are (real) spatial coordinates. The parameter m is a constant that can be restricted
to be positive without the loss of generality and is called rotation parameter. The line element
which is given above does not contain closed time-like curves if and only if m belongs to the
interval [0,1) because it is only then that the metric induced on the sections of constant time is
positively definite [30, 31]. For the line element (1), g,,,, is defined by

G = —a262510, + a%}ﬁ}, +(1- m2)a262”553512, + a26253 — ma’e” [6263 + 63610,], )
and its inverse g"”

—2z

m2—1 1 e 1 me~*
g = %55‘55 + 0oy + 0505 + —5 0505 — —5— 0505 +3505].  (3)

a? a
The non-trivial tetrad field induces a tele-parallel structure on space-time which is directly related
to the presence of the gravitational field, and the Riemannian metric arises as

G = Naph, 1 )
Using this relation, we obtain the tetrad components
h', = adydy) + adio,, + ae® 8567 + adsol + mae® 80, )
and their inverses are
1 1 e ” 1 m
h} = aé%g + Eéiléf + 75555 + aéf’ég‘ — ;51-256‘. 6)

After the pioneering works of Gamow [32] and Godel [33], the idea of global rotation of the
universe has become a considerably important physical aspect in the calculations. For the line
element which describes the RTKO universe, one can introduce the tetrad basis

0° = adt + mae®dy, 6! = adz, 6% = aedy, 6% = adz. @)
With the co-moving tetrad formalism, the kinematical variables of this model can be expressed
solely in terms of the structure coefficients of the tetrad basis defined as

1
do™ = S5,0° N6 ®
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By taking the exterior derivatives of the tetrad basis which are given above and using the kine-
matics formulas [34]:

four-acceleration vector:  a, = ZOO,

vorticity tensor: Wy = 522,/,
expansion tensor: & = 5 (Zpov + Svop),
expansion scalar: £ =35 +X3 + 35,

. ) 1_ 1y0 2°_ 10 3_ 10
vorticity vector: w = 593, w? = 5¥3, w? = 539,,
vorticity scalar: w=1[(E9)? + (£%)? + (£9,)]1/2,
shear tensor: O = Eup — %55#,,,

we find for the line element (1)
2ma 2m 6a
3
az = ——, W=, 51—2, o = 0. )]
a a a

We see that the model given in (1) has shear-free expansion and we also note that this model
describes space-time which has non-vanishing four-acceleration and vorticity.

2.2 The Godel-type Model

In 1949, Godel found a solution of Einstein’s field equations with cosmological constant for
incoherent matter with rotation [33]. It is certainly the best known example of a cosmological
model which makes it apparent that general relativity does not exclude the existence of closed
time-like world lines, despite its Lorentzian character which leads to the local validity of the
causality principle. Godel’s cosmological solution has a well-recognized importance which has,
to a large extent, motivated the investigations on rotating cosmological Godel-type space-times
and on causal anomalies within the framework of general relativity [35,36]. In cartesian coordi-
nates z* = (¢, x,y, z), the Godel-type metrics are given by [37]

ds? = (dt — oae™ dy)* — a*(dz? + (k — 0)e*™ dy* + dz?), (10)

where m, o, k are constant parameters, and a(¢) is the time-dependent cosmological scale factor.
For the line element (10), g,,,, is defined by

G = 8080 — 025151 — a2kePm 5252 — 026363 — J7ae® (5062 + 6250), (11

and its inverse g"”

v k v -2 v e v -2 4
g = —mégéo — a0y — m(%% —a” 0503
N
B mashsy | sHsv) 12
a(k:—l—a)e 1969z -+ 0596 12

Tetrad fields are given by

Guv = nabh’auhby- (13)
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From this relation, we obtain the tetrad components:
hiu = 5352 + aéiéi +Vk+ JaemI(Sééi + aégéi — \/Eaemzéééi. (14)

and their inverses are

1 e~ mT 1 o
S0k L Zslst o T 528K 4 8358 — [ §25H 1
h; 5150+a5161+a\/k+_05152+a6163 J+k6160' (15)

Now we introduce tetrad bases by
0° = dt — Joae™*dy, 0! = adz, 0?> = Vk — cae™*dy, 0% = adz, (16)
and we find for the line element (10)

a o 3. m o
az = — | —— W= —
a

a
_— , =0, v = —0uu. 17
o—Fk’ 2a\ o —k’ Tn S at an

Using these results, we can say that the model given in (10) has shear-free expansion. And we
also note that this model describes space-time which has non-vanishing four-acceleration and
vorticity.

3 Energy-Momentum Pseudo-Tensors in General Relativity

The conservation laws of energy and momentum for an isolated systems are expressed by a set
of differential equations. Defining 73" as the symmetric energy and momentum tensor (due to
matter plus fields) the conservation laws are given by definition which is given below.
o _ 915
Tﬁ’a:a?:(L (18)

where

p=Ty, =Ty, pi=-T (19)

3

are the energy density, the energy current density, the momentum density, respectively, and Greek
indices run over from the space-time labels while Latin indices take the values over the spatial
coordinates.

Crossing from special to general relativity one assumes a simplicity principle which is called
principle of minimal gravitational coupling. As a result of this, the equation which defines con-
servation laws is now

o — L 9 (V=gTg) T4, T¢ =0 (20)
T 94 Brte =W
where g is the determinant of the metric tensor g, (x). The conservation equation may also be
written as

a [e3 v
5 (V=I15) = S, T¢. 1)
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Here (g = ngTg” is a non-tensorial object. Defining 3 = ¢ means that the matter energy is

not a conserved quantity for the physical system?. From a physical point of view, the absence
of energy conservation can be understood as a possibility of transforming matter energy into
gravitational energy and vice versa. So, this remains a problem and it is widely believed that in
order to solve it one has to take into account the gravitational energy [2,4,6,7].

By a well-known procedure, the non-tensorial object (3 can be written as

0
Cp= e (V=99%) . (22)

where ¢ are functions of the metric tensor and its first order derivatives. Therefore, the energy-
momentum tensor of matter 7’5" is replaced by

5 =V—9(T§ +93), (23)

which is called the energy-momentum complex, since it is a combination of the tensor 7' and
a pseudo-tensor 9%, which describes the energy and momentum of the gravitational field. The
energy-momentum complex satisfies a conservation law in the ordinary sense, i.e.

Ga =0, (24)
and it can be written as
5 =250 (25)

where Eg/\ are the super-potentials and they are the functions of the metric tensor and its first
derivatives.

It is obvious that the energy and/or momentum complexes are not uniquely determined by the
condition in which usual divergence is zero since it can always add a quantity with an identically
vanishing divergence to the energy-momentum complex.

4 Bergmann-Thomson’s Energy and Momentum Formulation

In this section, we introduce Bergmann-Thomson energy-momentum formulation. First, we give
this formulation in general relativity and then we give its tele-parallel gravity version.

4.1 Bergmann-Thomson’s energy-momentum formulation in general relativity

The energy-momentum prescription of Bergmann-Thomson [5] is given by

1
A = IR, (26)
where
e = ghfyye (27)

2It is possible to restore the conservation law by introducing a local inertial system for which at a specific space-time
point (g = 0, but this equality by no means holds in general.
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with

Vﬁua —_ 7Vﬁau —_ 9s [7‘9 (gvfgap o gaﬁgup)] ) (28)

N/ — g 3P
The Bergmann-Thomson energy-momentum prescription satisfies the local conservation laws

ONMY
oxv

in any coordinate system. The energy and momentum (energy current) density components are
respectively represented by A% and A%°. The energy and momentum components are given by

P“:///A“Odasdydz. (30)

For the time-independent metric one has

1
pPH = E//Hﬂo%ads. (31)

Here, ks is the outward unit normal vector of the infinitesimal surface element d.S; P’s are the
momentum components P!, P2, P3 and P is the energy.

=0 29)

4.2 Bergmann-Thomson’s energy-momentum formulation in tele-parallel gravity

Tele-parallel gravity is an alternative approach to gravitation [38] which corresponds to a gauge
theory for the translation group based on the Weitzenbdck geometry [39]. In this theory, gravita-
tion is attributed to torsion [40], which plays the role of force [41], whereas the curvature tensor
vanishes identically. The fundamental field is represented by a nontrivial tetrad field, which gives
rise to the metric as a by-product. The last translational gauge potentials appear as the nontrivial
part of the tetrad field, thus induces on space-time a tele-parallel structure which is directly re-
lated to the presence of the gravitational field. The interesting point of tele-parallel gravity is that,
due to gauge structure, it can reveal a more appropriate approach to consider the same specific
problem. This is the case, for example, of the energy-momentum problem, which becomes more
transparent when considered from the tele-parallel point of view.

The energy-momentum complex of Bergmann-Thomson in tele-parallel gravity [9] is given
by

hB" = ﬁak(guﬁUﬁm), (32)
where h = det(h?,) and Uﬁ”’\ is the Freud’s super-potential

Uzt = hS5". (33)
Here, S"¥* is the tensor

k k .
U = T (T = TV) 4 (g T = g T (34)
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with k1, ko and k3 being the three dimensionless coupling constants of tele-parallel gravity [40].
For the tele-parallel equivalent of general relativity, the specific choice of these three constants is

1
k1= ko = > ks = —1. (35)

1
To calculate this tensor we must calculate Weitzenbock connection first

., =h0,h",, (36)
and after this we get torsion of the Weitzenbock connection

Th =T, =T\ (37)

For the Bergmann-Thomson complex, we have
P, = / hB° ddydz, (38)
b

where P;’s are the momentum components P;, P>, P53, while P, gives the energy, and the inte-
gration hyper-surface X is described by 2° = ¢ = constant.

5 The total energy of the universe in the RTKO and Gdédel-Type Metrics

This section gives us the total energy of the universe based on the RTKO and Gédel-type metrics
in both general theory of relativity and tele-parallel gravity.

5.1 Solutions in the RTKO model

Considering the line element (1) for the equations (27) and (28), the required components of
I1#¥> are

190 — 0, % = 2(m? — 1)e”. (39)
Substituting these results into (26), we find that

A00 — (m? — 1)696_

S (40)

Using equations (5) and (6), we find the non-vanishing components of the Weitzenbock con-
nection

Ioo =Tlo=T5 =T3 = 37 3 =1, (41)

where & indicates derivative with respect to ¢. The corresponding non-vanishing torsion compo-
nents are then

Toy =Tg =Tgs = %a TP =1. (42)
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Taking these results into equation (34), the non-zero components of the tensor S #”’\ are

goor (m;; 1), (43)
g0 Qma(m;a; De” (44)
s = %j (45)
CERE %ﬁ:x (46)
FEIt — 2*7;7 47)
SOt = (17m2)ai5, (48)
522 = (1fm2)d€;gg, (49)
S8 = (1fm2)a1'5. (50)

Now, using equation (32) with (33), the total energy and non-vanishing momentum components

are

(m? —1)e®
8T

hB® = (51)

5.2 Solutions in the Godel-type model

To obtain energy density, we can substitute the line element (1) into equations (27) and (28). The
required components of II#¥* are obtained as

1100 — 700 — _ kaaemlx_ (52)
(k+o0)2
Substituting these results into (26), we get
00 _ kmaemml . 53)
8n(k+o0)2

Considering equations (5) and (6), the non-vanishing Weitzenbock connection components are
1 2 3 a
F10:F20:F30:E- G4
The corresponding non-vanishing components of torsion are found:

a
Ty =T =T 3 = 2 T?%,=m. (55)
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Using these results and equation (34), the non-vanishing components of the tensor .S #”’\ are

km
001 _
S  2(k+0)a?’ (%6)
3kay/a .
002 _ —mx
S = wEropt G7
012 _ _ m\/g —mx
s o 2(k + o)a? € ’ (58)
k3
S313 — (59)
2a4’
101 _ ak
s a3k +o) (60)
k672m:c
202 _
S = BEto) (61)
and
§303 _ G101, §201 _ 5012 (62)

and, if we use (32) and (33), the total energy and non-vanishing momentum components are

hB% = _k:maiel- (63)
8n(k+o0)2

6 Summary and Conclusions

The definition of energy-momentum localization in the general theory of relativity has been
very exciting and interesting; however, it has been associated with some debate. Recently, some
researchers have been interested in studying the energy content of the universe in various models.

Objective of the present paper is to show that it is possible to solve the problem of the energy
localization in both general theory of relativity and tele-parallel gravity by using the energy-
momentum formulations. First, we found some kinematical quantities of the universe based on
the RTKO and Godel-type line elements and after these calculations of the total energy (due to
matter plus fields), we considered two different approaches of the Bergmann-Thomson energy-
momentum definition. Finally, we found that: (a) the RTKO and Godel-type models describe the
space-times which have shear-free expansion, non-vanishing four-acceleration and vorticity, (b)
the total energy distribution in Bergmann-Thomson’s formulation is found exactly the same in
both of these different gravitation theories and they agree with each other, (¢) the results advocate
the importance of energy momentum complexes.

Acknowledgement: The authors would like to thank Seyma Ozyar for improving the English
in the manuscript, and the editorial office of Acta Phys. Slov. for corrections and suggestions.
We are also thankful to Turkish Scientific Research Council (Tiibitak)-Feza Giirsey Institute,
Istanbul, for the hospitality during the summer terms of 2002-2005.



(1]
(2]
(3]
(4]

(3]
(6]
(7]

(8]
(9]
(10]
(11]

(12]
[13]
(14]
[15]
(16]
(17]
(18]

(19]
[20]
[21]
(22]
(23]
[24]
[25]
[26]
[27]
(28]
[29]
(30]
(31]
(32]
(33]
[34]
[35]
[36]
(371

Energy in Reboucas-Tiomno-Korotkii-Obukhov and Godel-type... 547

References

C.W. Misner, K.S. Thorne, J.A.Wheeler: Gravitation (Freeman, New York) (1973)
R.C. Tolman: Relativity, Thermodinamics and Cosmology (Oxford Univ. Pres. London, P.227) (1934)
A. Papapetrou: Proc. R. Irish. Acad. A 11 (1948) 11

L.D. Landau, E.M. Lifshitz: The Classical theory of fields (Pergamon Press, 4th Edition, Oxford)
(Reprinted in 2002)

P.G. Bergmann, R. Thomson: Phys.Rev. 89 (1953) 400
C. Mgller: Ann. Phys. (NY) 12 (1961) 118

S. Weinberg: Gravitation and Cosmology: Principle and Applications of General Theory of Relativity
(John Wiley and Sons, Inc., New York) (1972)

A. Qadir, M. Sharif: Phys. Lett. A 167 (1992) 331
T. Vargas: Gen. Rel. and Grav. 36 (2004) 1255
F.I. Mikhail, M.I. Wanas, A. Hindawi, E.I. Lashin: Int. J. Theor. Phys. 32 (1993) 1627

A. Einstein: Sitzungsber. Preus. Akad. Wiss. Berlin (Math. Phys.) (1915) 778 , Addendum-ibid.
(1915) 799

S. Chandrasekhar, V. Ferrari: Proc. R. Soc. London A 435 (1991) 645

G. Bergqvist: Class. Quant. Grav. 9 (1992) 1753 ; Class. Quant. Grav. 9 (1992) 1917
C.M. Chen, J.M. Nester: Class. Quant. Grav. 16 (1999) 1279

J.D. Brown, J.W. York: Phys. Rev. D 47 (1993) 1407

S.A. Hayward: Phys. Rev. D 49 (1994) 831

K.S. Virbhadra: Phys. Rev. D 60 (1999) 104041

K.S. Virbhadra: Phys. Rev. D 41 (1990) 1086 ; Phys. Rev. D42 (1990) 2919; Pramana J. Phys. 45
(1995) 215

K.S. Virbhadra, N. Rosen: Gen. Rel. Grav. 25 (1993) 429

K.S. Virbhadra, A. Chamorro: Pramana J. Phys. 45 (1995) 181

K.S. Virbhadra, J.M. Aguirregabiria, A. Chamorro: Gen. Rel. Grav. 28 (1996) 1393
F.I. Cooperstock, M. Israelit: Found. of Phys. 25 (1995) 631

N. Rosen: Gen. Rel. Gravit. 26 (1994) 319

V.B. Johri, D. Kalligas, G.P. Singh, C.W.F. Everitt: Gen. Rel. Gravit. 27 (1995) 323
N. Banerjee, S. Sen: Pramana J. Phys. 49 (1997) 609

M. Salu, A. Havare: Int. J Mod. Phys. A 20 (2005) 2169

M. Salt1: Astrophys. Space Sci. 299 (2005) 159

0. Aydogdu, M. Salti: Astrophys. Space Sci. 299 (2005) 227

S. Carneiro, G.A.M. Marugan: Phys. Rev. D 64 (2001) 083502

V.A. Korotkii, Yu.N. Obukhov: Zn. Eksp. Teor. Fiz. 99 (1991) 22 ; [Sov. Phys. JETP 72 (1991) 11]
M.J. Rebougas, J. Tiommo: Phys. Rev. D 28 (1983) 1251

G. Gamow: Nature (London) 158 (1946) 549

K. Godel: Rev. Mod. Phys. 21 (1949) 447

O. Gron, H.H. Soleng: Acta Physica Polonica B 20 (1989) 557

M.M. Som, A.K. Raychaudhuri: Proc. R. Soc. London, Ser. A 304 (1968) 81

A. Banerjee, S. Benerji: J. Phys. A1 (1968) 188

Y.N. Obukhov, T. Vargas: Phys. Lett. A 327 (2004) 365



548 O. Aydogdu et al.

[38] The basic references on teleparallel gravity can be found in F. Gronwald and F.W. Hehl (1996) in
Proc. School of Cosmology and Gravitation on Quantum Gravity, Erice (1995), de P. G.Bergmann, V.
de Sabbata and H.J. Treder, (Singapore: World scientific); de V.C. Andrade, L.C.T. Guillen and J.G.
Pereira: In contribution to the IX Marcel Grossmans Meeting, Rome, Italy, (July-2000)

[39] R.Weitzenbock: Invariantent theorie (Groningen: Noordhoff) (1923)

[40] K. Hayashi, T. Shirafuji: Phys. Rev. D 19 (1978) 3524

[41] V.V.de Andrade, J.G. Pereira: Phys. Rev. D 56 (1997) 4689



